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Abstract 

We will show that any two outer actions of Z N on C 2 are cocycle conjugate. 

1 Introduction 

Group actions on C7*-algebras and von Neumann algebras are one of the most fundamen- 
tal subjects in the theory of operator algebras. A. Connes introduced a non-commutative 
Rohlin property and classified single automorphisms of von Neumann algebras ([C1],[C2]), 
and A. Ocneanu generalized it to actions of discrete amenable groups ([()]). In the setting 
of C*-algebras, A. Kishimoto established a non-commutative Rohlin type theorem for sin- 
gle automorphisms on UHF algebras and classified them up to outer conjugacy ([K1],[K2]). 
H. Nakamura used the same technique for automorphisms on purely infinite simple nuclear 
C*-algebras and classified them up to outer conjugacy ([N2]). Furthermore, he proved a 
Rohlin type theorem for Z 2 -actions on UHF algebras and gave a classification result for 
product type actions up to cocycle conjugacy ([Nl]). Recently, T. Katsura and the author 
generalized this result and gave a complete classification of uniformly outer actions of Z 2 
on UHF algebras ([KM]). In the case of finite group actions, M. Izumi introduced a notion 
of the Rohlin property and classified a large class of actions ([12], [13]). The reader may 
consult the survey paper [II] for the Rohlin property of automorphisms on C*-algebras. 

The aim of this paper is to extend these results to Z^-actions on the Cuntz algebra 
02- More precisely, we will show that any outer actions of "L N on O2 have the Rohlin 
property and that they are cocycle conjugate to each other. The content of this paper is as 
follows. In Section 2, we collect notations and basic facts relevant to this paper. Notions 
of the ultraproduct algebra A u and the central sequence algebra will help our analysis. 
When A is isomorphic to O2, it is known that A u contains a unital copy of Oi. This fact 
implies strong triviality of the X-theory of 02- For Z^-actions on unital C*-algebras, we 
recall the definition of the Rohlin property from [Nl] and give a couple of remarks. 

In Section 3, we establish the cohomology vanishing theorem for Z^-actions on the 
Cuntz algebra O2 with the Rohlin property. One of the difficulties in the study of "L N - 
actions on C*-aigebras is that one has to deal with homotopies of unitaries in order to 
obtain the so-called cohomology vanishing theorem. In our situation, however, we do 
not need to take care of .fG-classes of (continuous families of) unitaries, because of the 
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triviality of K^iO^). Indeed, any continuous family of unitaries in 0% is nomotopic to 
the identity by a smooth path of finite length. This enables us to avoid iC-theoretical 
arguments. 

Section 4 is devoted to the Rohlin type theorem for Z^-actions on 02. The main idea 
of the proof is similar to that in [Nl]. We also make use of several techniques developed in 
[N2]. The proof is by induction on N, because we need the cohomology vanishing theorem 
for Z Ar_1 -actions in order to prove the Rohlin type theorem for Z^-actions. 

In Section 5, the main theorem is shown. D. E. Evans and A. Kishimoto introduced 
in [EK] an intertwining argument for automorphisms, which is an equivariant version 
of Elliott's intertwining argument for classification of C*-algebras. By using the Evans- 
Kishimoto intertwining argument, we show that any two outer actions of 7j N on 02 are 
cocycle conjugate. The cohomology vanishing theorem is necessary in each step of the 
intertwining argument. 

Acknowledgement. The author is grateful to Toshihiko Masuda for many helpful 
discussions. 

2 Preliminaries 

Let A be a unital C*-algebra. We denote by U{A) the group of unitaries in A. For 
u G IA(A), we let Adu(a) = uau* for a G A and call it an inner automorphism on A. 
When an automorphism a G Aut(A) on A is not inner, it is said to be outer. 

For any a, b G A, we write [a, b] = ab — ba and call it the commutator of a and b. 

In this paper, we deal with central sequence algebras, which simplify the arguments a 
little. Let A be a separable C*-algebra and let to G (3N \ N be a free ultrafilter. We set 

c"(A) = {(a n ) G £°°(N,A) I limlKH = 0}, 

n— >u> 

A" =£ co (n,A)/c w (A). 

We identify A with the C*-subalgebra of A w consisting of equivalence classes of constant 
sequences. We let 

Aj = A u n A'. 

When a is an automorphism on A or an action of a discrete group on A, we can consider 
its natural extension on A u and A w . We denote it by the same symbol a. 

If A is a unital separable purely infinite simple C*-algebra, then A u is purely infinite 
simple. When A is a unital separable purely infinite simple nuclear C*-algebra, it is known 
that A w is also purely infinite simple ([KP, Proposition 3.4]). 

We would like to collect several facts about the Cuntz algebra 02- The Cuntz algebra 
02 is the universal C*-algebra generated by two isometries si and S2 satisfying s\s\+S2S2 = 
1. It is a unital separable purely infinite simple nuclear C*-algebra with trivial .fT-groups, 
i.e. K${02) = KxiO-i) = 0. By [Rl, Theorem 3.6], any automorphisms a and (5 on 
02 are approximately unitarily equivalent. Thus, there exists a sequence of unitaries 
{u n } n in 02 such that (3(a) = linin^oo u n a(a)u^ for all a £ A. It is also known that 
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02 is isomorphic to the infinite tensor product ®^Li ^2 ([P-] or [KP, Theorem 3.8]). 
Consequently, (©2)0; = {02) w H 2 contains a unital copy of 02- (Actually, its converse 
also holds: if A is a unital simple separable nuclear C*-algebra and A u contains a unital 
copy of 02, then A is isomorphic to O2 ([KP, Lemma 3.7]). But, in this paper, we 
do not need this fact.) Let e be a projection of {Oi)u- By the usual argument taking 
subsequences, we can find a unital copy of 02 hi the relative commutant of e in (02 )w 
Therefore, [e] = [e] + [e] in iio((02)w), and so [e] = 0. Since e is arbitrary and (02 ~)w 
is purely infinite simple, we have Kq((02)u) = 0. In a similar fashion, we also have 
Kl((@2)u) = 0. Indeed, for any unitary u G (02)oj> we can find a unital copy of 02 in 
the relative commutant of u in (02 ) u . It follows from [HR, Lemma 5.1] that there exists 
a smooth path u(t) of unitaries in (02)^ such that u(0) = u and u(l) = 1. Moreover, 
the length of the path is not greater than 8tt/3. We will use this argument in Lemma 3.1 
again. 

Let N be a natural number and let £1, £21 • • • , £/v be the canonical basis of Z , that is, 

& = (0,0,...,1,...,0,0), 

where 1 is in the i-th component. Let a be an action of "L N on a unital C*-algebra A. We 
say that a is an outer action on A, if a n is not inner on A for any n G Z N \ {0}. 
A family of unitaries {u n } n ez N i n ^ is called an a-cocycle, if 

UfiCX n {Uui) — U n J rm 

for all n, m G Z^. If a family of unitaries ni, 7/2, • • • , G U(A) satisfies 

for all i,j = 1,2, . . . , TV, then it determines uniquely an a-cocycle {u n } nGZ N such that 
= Ui. We may also call the family {u±,U2, . . . ,mjv} an a-cocycle. An a-cocycle {u n } n 
in A is called a coboundary, if there exists v G £/(^4) such that 

u n = va n (v*) 

for all n G Z^, or equivalently, if 

Hi = va Zi( v *) 

far alii = 1,2,..., N. 

When {u n } n ez N i s an ct-cocycle, it turns out that a new action a of Z^ on ^4 can be 
defined by 

a n (x) = Adn n o a n (x) = u n a n (x)u* n 

for each x G A. We call d the perturbed action of a by {u n } n . 

Two actions a and (3 of Z^ on A are said to be cocycle conjugate, if there exists an 
a-cocycle {u n } n in A such that the perturbed action of a by {u n } n is conjugate to /?. The 
main theorem of this paper states that any two outer actions of Z N on 02 are cocycle 
conjugate to each other. 

Let JV be a natural number. We would like to recall the definition of the Rohlin 
property for Z^-actions on unital C*-algebras (see [Nl, Section 2]). Let £i,£2 5 ■ ■ ■ be 
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the canonical basis of Z, N as above. For m = (mi, m-i, . . . , mjv) and n = (ni, ri2, • • • , 77 jv) 
in Z N , m < n means rrii < rii for all 7 = 1, 2, . . . , N. For m = (roi,m2, • • . , 77i/v) G N - ^, we 
let 

mZ w = {(mini, 7712712, • • • , m^n^) G Z^ | (ni,rt2, . . . , t7at) G Z^}. 

For simplicity, we denote 1i N /rnL N by Z m . Moreover, we may identify Z m = 7j N /mZ N 
with 

{(rii, 77.2, • • • j u n) £ ^ N I < rii < rrii — 1 for all i = 1,2,..., iV}. 

Definition 2.1. Let a be an action of Z^ on a unital C*-algebra A. Then a is said to have 
the Rohlin property, if for any m G N there exist it! G N and m^ 1 ) , rrS 2 ^ 1 , . . . , G 
with m", . . . , > (m, m, . . . , m) satisfying the following: For any finite subset J- of 
A and e > 0, there exists a family of projections 

4 r) (r=l,2,..,iJ l9 eZ raW ) 

in A such that 

E E 4 r) = 1 ' ll[«»eW]||<e, ||a fl ( e M)-e^J|< £ 

r=lpeZ m(r) 

for any a G J 7 , r = 1, 2, . . . , R, i = 1, 2, . . . , N and 5 G Z m ( r ) , where 5 + & is understood 
modulo m^Z^. 

Remark 2.2. Clearly, we can restate the definition of the Rohlin property as follows. 
For any m G N there exist R G N, m^ 1 ', m^ 2 ', . . . , G with m^ 1 \...,m^ > 

(m, m, ... , m ) and a family of projections 

(r = l,2,...,fl, 9 GZ mM ) 

in A, = ■A" n A' such that 

E E 4 ] = ^ ^4 ] ) = ^k 

r=lg& m(r) 

for any r = 1, 2, . . . , R, i = 1,2, ... ,N and g G Z m ( r ) , where g + £j is understood modulo 

Furthermore, by the reindexation trick, for a given separable subset S of A u , we can 
make the projections e g r ' commute with all elements in S. We refer the reader to [O, 
Lemma 5.3] for details. 

In particular, the same conclusion also follows for perturbed actions on A w . Let a be 
an action of 7j N on A with the Rohlin property and let {u n } n C 14 (A u ) be an a-cocycle 

in A w . We can consider the perturbed action a of Z N on A w . Then, for a given separable 

(r) 

subset S of A w , we can choose the projections e g in A u so that they commute with all 
elements in S U {u n } n . It follows that we have 

~ 1 (r)\ 1 (r)\ * (r) * (r) 

for any r = 1, 2, . . . , R, i = 1, 2, . . . , N and g G Z m ( r ) , where g + & is understood modulo 
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Remark 2.3. We can also restate the Rohlin property as follows ([N2, Remark 2]). For 
any n, m £ N with 1 < n < N, there exist R £ N, natural numbers m^, m^ 2 \ . . . , > 
m and a family of projections 




(r = l,2,...,R, j = 0,l,...,m«-l) 



in A w = A u D A' such that 

R m< r >-l 

E E 4 ] = i. M4 r) ) = 4i> «6(4 r) ) = 4 r) 

r=l j=0 

for any r = 1, 2, . . . , R, i = 1, 2, . . . , N with i ^ n and j = 0, 1, ... , m( r ) — 1, where the 
index is understood modulo m^ r \ 

Remark 2.4. It is also obvious that if a is an action of 1j N on A with the Rohlin property, 
then the action a' of Z N ~ l generated by a^ 2 , ag 3 , . . . , a$ N also has the Rohlin property as 
a Z Ar_1 -action. 



3 Cohomology vanishing 

Throughout this section, we let A denote a C*-algebra which is isomorphic to Oi- First 
we need a technical lemma about homotopies of unitaries. 

Lemma 3.1. Let (X,d) be a compact metric space and let z : X — > U(A u; ) be a map. 
Suppose that there exists C > such that \\z(x) — z(x')\\ < Cd(x,x') for any x,x' G X. 
Then, for any separable subset B of A u , we can find a map i:Xx[0,l]-> U^A^) such 
that the following are satisfied. 

(1) For any x S X, z(x, 0) = z{x) and z(x,l) = 1. 

(2) For any x, x' £ X and t, t' £ [0, 1] , 

\\z(x,t) - z(x',t')\\ < 4Cd(x,x') + JL\t-l/\. 

(3) For any a G B and (x,t) G X x [0,1], || [z(x, t), a] \\ < 4\\[z(x),a]\\. 

Proof. Since O2 is isomorphic to the infinite tensor product O2 (see [R2] or [KP, 

Theorem 3.8]), there exists a unital C*-subalgebra D in A u f] (B U | x G -X"})' such 

that = 02- We regard z as a unitary in C(X) (8) ^4 W . By [HR, Lemma 5.1] and its proof 
(see also [N2, Lemma 6]), we can find a unitary z G C(X) $S> C([0, 1]) ® A 1 ^ such that the 
following hold. 

• z(x, 0) = z(x) and z{x, 1) = 1 for all x £ X. 

• ||5(x,t) - z{x,t')\\ < — \t - t'\ for all x £ X and t,t' £ [0, 1]. 

3 

• \\z(x,t) - z(x',t)\\ < 4\\z(x) - z(x')\\ for all x,x' £ X and t £ [0, 1]. 
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• ||[z(x,t),o]|| < 4||[z(x),o]|| for all (x,t) G X x [0,1] and a £ A. 
Then the conclusions follow immediately. □ 
Let N be a natural number. We denote the Z°°-norm on R N by ||-||. We put 

E = {t £R N | ||t|| < 1} 

and 

8E = {t G R N | = 1}. 

Lemma 3.2. Let C > and let zq : dE — > U(A U) ) be a map such that \\zo{t) — zo(OII — 
Cp — for every t,t' £ dE. Then, for any separable subset B of A w , there exists a map 
z : E — > U(A W ) such that the following hold. 

(1) Forte dE, z(t) = z (t). 

(2) For every t,t' £ E, \\z(t) - z(t')\\ < (24C + 16tt/3)P - t'\\. 

(3) For any a £ B and t £ E, \\[z{t),a\\\ < 4sup{|| [z(s), a] \\ \ s G dE}. 

Proof. Lemma 3.1 applies and yields a map Zq : dE x [0, 1] — > IA{A U} ). We define z : E — > 
U{A^) by 

fl if < 1/2 

U(i/||i||,2(l-||*ll)) if II^H > 1/2. 



zit) 



Conditions (1) and (3) are immediate from the definition. 

In order to verify (2), take t,t' G E. If ||t||, ||i'|| < 1/2, we have nothing to do. Let us 
consider the case such that \\t'\\ < 1/2 < \\t\\. Since 

P||-l/2<||i||H|i'||<p-i% 

we have 

||z(t)-*(OH = N(</||t||,2(l-||t||))-l|| 

= \\z (t/\\t\\, 2(1 -||t||))-*(t/||t||, 1)11 
<^|2(l-p||)-l| 

<—\\t-t% 
- 3 H ii 

It remains for us to check the case such that ||t||, \\t<\\ > 1/2. Put . = Jgt. Then 
\\z(t) - z(s)\\ < ^ |2(l-||t||)-2(l 

„ 167T 

- 3 ll 
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□ 



Besides, 

||z( a )-z(f)||<4c||p^-p 
< 2AC\\t-t'\\. 

Combining these, we obtain 

\\z(t) - z(t')\\ < (24C + 167r/3)||i - t'\\. 

For each i = 1, 2, . . . , N, we let 

Ef = {{h,t 2 ,...,t N ) £ E \ ti = 1} 

and 

e; = {(t u t 2 ,...,t N ) €E\u = -i}. 

Thus, Ef and £77" are (N — 1) -dimensional faces of E. Let <ji : E — > E be the map such 
that 

0"i : (h,t2, ■ ■ ■ ,U, ■ ■ ■ , ijv) > *2j • • • j — • • • i tjv) 
for each i = 1, 2, . . . , TV. For k = 1, 2, . . . , N - 1, we define E(k) by 

E(k) = {(ii,t 2 , . . . ,tjv) € | #{t | = 1} > iV - fc}. 

In other words, £7(/c) is the union of fc-dimensional faces of E. We have BE = E(N — 1) = 
UiLiiEf U Er). For each J C {1, 2, ... , N], we let 

£+(/) = {(t u t 2 , ■ ■ ■ ,t N ) e E | ti = 1 for all i £ J}. 

Thus, E + (I) is a # /-dimensional face of £7 and E + (I) n E(#I — 1) is the boundary of 
£7+ (I). We also have £77*" = £7+({l, 2, . . . , N} \ {*}). 

Lemma 3.3. Lei a-i, 0:2, ■ . . , ajy & e TV commuting automorphisms on A u . Suppose that 
there exists a family of unitaries u\, u 2 , ■ ■ ■ ,un in A u satisfying UiCti(uj) = UjCtj{ui) for 
all i,j = 1, 2, . . . ,N. Let 1 < k < TV - 2 and C > 0. Suppose that z Q : E(k) -> U(A U ) 
satisfies the following. 

. z (l,l,...,l) = 1. 

• For every i = 1,2, ... ,N and t E E(k) H Ef , zo(ai(t)) = UiCti(zo(t)). 

• For every t,t' £ E(k), \\z (t) - z (t')\\ < C\\t - t'\\. 

Then, for any separable subset B of A u , we can find an extension z : E(k + 1) — > U(A UJ ) 
of zq such that the following hold. 

(1) For every i = 1,2, ... ,N and t E E(k + 1)0 Ef , z(ai(t)) = Uiai(z(t)). 

(2) For every t,f E E(k + 1), \\z(t) - z(t')\\ < (48C + 327r/3)||t - f \\. 
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(3) Let I be a subset of {1,2,... , N} such that #1 = k + 1. For every a G B and 
t G E + {I), one has 

\\[z(t),a}\\ < 4sup{||[3d(s),a]||, \\{z (s), a7\a)}\\ + ||[^,a]|| | s G E + (L\{i}),i G /}. 

Proof. For each / C {1, 2, . . . , N} with ^/ = A; + 1, by using Lemma 3.2, we can extend 
zq on E + {I) n to the map zi : E + (I) — > U(A UJ ) satisfying the following. 

• For every i, i' G E + (I), \\zi(t) - zj(f)|| < (24C + 16vr/3)||t - 

• For any a £ B and t G ||[z/(i), a]|| < 4sup{||z (s),a]|| | s G £+(!) n 

We define * : E(k + 1) -> Z^A 1 ") as follows. First, for t G E + (I), we let z(i) = zi(t). 
Then, we can uniquely extend z to E(k + 1) so that z(ai(t)) = UiOii(z{t)) holds for any 
i = 1, 2, . . . , N and t G + 1) n Ef, because of the equality Uia>i(iij) = UjOj(ui). Note 
that if t, t' G E{k + 1) lie on the same (k + l)-dimensional face of E, then we still have 
\\z(t) - z(t')\\ < (24C + 16vr/3)||t - t'\\. 

Condition (1) is already achieved. Let us verify (2). Take t = (t\,t2, ■ ■ ■ ,ijv) an d 
t' = (t'i, t f 2, ■ ■ ■ , t' N ) in E{k + 1). Since any unitaries are within distance two of each other, 
we may assume that ||t — is less than two. We define s = (s±, S2, ■ ■ ■ , stv) G E{k + 1) by 

U if \U\ ^ 1 and ^ 1 
U if \U\ = 1 

t'i if = 1- 

It is easy to see that t and s lie on the same (k + l)-dimensional face of E and that t! and 
s lie on the same (k + l)-dimensional face of E. In addition, both ||t — s|| and ||s — t'|| are 
less than \\t — t'\\. It follows that 

\\z(t) - z(t')\\ < \\z(t) - z(s)\\ + \\z(s) - z(t')\\ 

< (24C + 167r/3)(||t - s\\ + \\s - t'\\) 

< (48C + 327r/3)||t -t'\\, 

which ensures condition (2). 

Let us consider (3). Take t G E + (I). We already have 

||[zj(t),a]|| <4sup{||z (s),a]|| | s G E + (I) n E(k)}. 

For each s = (si,S2, • • • ,sjy) in E + (I) n E(k), there exists i G I such that |sj| = 1. If 
Sj = 1, then s is in E + (I \ {«}). If s« = —1, then s' = <7j(s) is in E + (I \ {i}) and 

|| [20(a), a] || = || [^oC^iCs')), II 

= \\[uiai(zo(s')),a]\\ 

thereby completing the proof. □ 
The following proposition is a crucial tool for cohomology vanishing. 
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Proposition 3.4. Let oti, ol 2 , . . . ,ajy G Aut(A UJ ) be N commuting automorphisms on A w . 
Suppose that there exists a family of unitaries u\,U2, ■ ■ ■ ,un in A w satisfying UiC(i(uj) = 
UjCtj(ui) for all i, j = 1, 2, . . . , N. Then, for any separable subset B of A u , we can find a 
continuous map z : E — > U(A W ) such that the following hold. 

(1) 2(1,1,... ,1) = 1. 

(2) For every i = 1,2, . . . , N and t G Ef , z(o~i(t)) = UiOti(z(t)). 

(3) For every t, t' G E, \\z{t) - z(t')\\ < 50 N \\t - t'\\. 

(4) For any a E B and t 6 E, 

K 

\\[z(t),a}\\ < 4 N sup^2\\[ui k ,(a il a i2 ...a ik _ 1 )- 1 (a)]\\, 
k=l 

where the supremum is taken over all permutations i\, . . . , %k of elements in 
{1,2,..., N}. 

Proof. Clearly we may assume that B is a^-invariant for every i = 1,2, . . . , N. By applying 
Lemma 3.1 to the case such that X is a singleton, for each i = 1, 2, . . . , N, we obtain a 
map zi t i from E + ({i}) = [0, 1] to U(A LU ) satisfying the following. 

• 2i,i(<7j(l, !,...,!)) =Ui and z lti (l, 1, . . . , 1) = 1. 

• For any t,t' € E + ({i}), \\z lyi (t) - z lyi (t')\\ < ^-\\t - t'\\. 

• For any a£ B and t£ E+({i}), \\ [z hi {t), a] || < 4|| [u h a] \\. 

From these maps ^i j's, by the same argument as in the previous lemma, we can construct 
a map Z\ : E(l) — > U(A UJ ) such that the following are satisfied. 

• For every % = 1, 2, . . . , N and t G E + ({i}), zi(t) = zi ti (t). 

• For every % = 1,2, ... ,N and t G E(l) n Ef, zx{<Ji(t)) = UiOti(zi{t)). 

• For every t,t' G E(l), \\zi(t) - zi(£')|| < — \\t - t'\\. 

3 

Note that we have used the equality UiCti(uj) = UjCtj(ui). 

We apply Lemma 3.3 to z\ : E(l) ->• and obtain an extension z 2 ■ E{2) ->• U(A U ) 

of zi which satisfies the following. 

• For every i = 1, 2, . . . ,N and t G E{2) n , ^(^(O) = 

• For every t,t' G S(2), ||z 2 (t) - z 2 (t')\\ < 50 2 ||t-t'||. 

• Let / be a subset of {1, 2, ... , N} such that #1 = 2. For every a G B and t G E + (I), 
one has 

||M*),a]|| <4sup{||[z 1 ( S ),a]||,||[z 1 ( a ),ari(o)]|| + ||[u ij a]|| I s G E + (I \ {i}),i G J}. 
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Repeating this argument, we get a map -zjv-i from E(N — 1) = dE to U{A U) ) satisfying 
the following. 

• For every i = 1, 2, ... ,N and t G EJ, ZAr_i(<Tj(i)) = Uia.i(zN^i(t)). 

• For every t, t' G E(N — 1), ||zjv_i(t) - zjv-i(*')II < SO^" 1 ^ - t'||. 

• Let I be a subset of {1,2,..., N} such that jf^I = N — 1. For every a £ B and 
i G -E + (-0, one has 

||[zjv_i(t),a]|| 

< 4sup{||[z iV _2(s),a]||,||[z7V-2(s),«r 1 (a)]ll + II II I * G ^ + (A {*}),* G 

By using Lemma 3.2, we can extend zj^-\ to z : £ -> U{A U} ). Then, clearly conditions (2) 
and (3) are satisfied. As for condition (4), we have 

||Ki),a]|| <4sup{||[*tf_i(a),a]|| | s G E{N — 1)} 

< 4sup{||[^_i( S ),a]||, || [ Zjv -i(s), a" 1 (a)] || + \\[ Ui ,a}\\ \ s G E+, 1 < t < N} 

for any t € E and a € B. By estimating norms of commutators of Zfc(s) with elements in 
B inductively, we obtain the desired inequality. □ 

Now we would like to show the cohomology vanishing theorem. 

Theorem 3.5. Let a be an action of Z N on A with the Rohlin property and let a be 
a perturbed action of a on A^ by an a-cocycle in A u . Let B C A w be an a-invariant 
separable subset. Suppose that a family of unitaries {u n } neZ N in A u n B' is an a-cocycle. 
Then, there exists a unitary v G U{A id D B') such that 

u n = va n (v*) 

for each n G Z , that is, {u n } n€ %N is a coboundary. 

Proof. Evidently it suffices to show the following: For any e > 0, there exists a unitary 
v G U(A U n B') such that 

\\ u b - u aeiK)ll < £ 

for every i = 1,2,... ,N. Choose a natural number M so that e(M — 1) > 2 • 50^. 
Since a has the Rohlin property, there exist R G N and , nS 2 ^ , . . . , mS R ' G 7L N with 
m^ 1 ', . . . , m( R ' > (M, M, . . . , M) and which satisfies the requirement in Definition 2.1. 

For each r = 1,2,... , i? and i = 1,2, . . . , N, let rn[ be the i-th summand of m^ r h 
We put r] r: i = m\ & G Z N . By applying Lemma 3.4 to a Vr l , 2 , . . . , a Vr N and unitaries 
u Vr 1 , 2 , . . . , u Vr N in U (A u n B') , we obtain a map z( r ) : E (A u n S') satisfying the 
following. 

. zM(l,l,...,l) = l. 

• For every i = 1,2, ... ,N and i G E+ , «W((7i(t)) = u^a^Ce^C*))- 
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• For every t,t' E E, \\z^(t) - z {r) (t')\\ < 50 N \\t-t'\\. 

For each r = 1, 2, . . . , R and g = (g±, gi, ■ ■ ■ , <7jv) G ^ m M > we define w}f* in U(A U) n £?') by 

(r) _ (r) f 2gi _ 2ff 2 _ 2 gj v _ A 

9 ~~ (r) i ' (r) i X ' ■ ■ ■ ' (r) n 1 I " 

\m\ ' — 1 m 2 — 1 mjy — 1 J 

It is easily seen that one has the following for any r = 1, 2, . . . , R, i = 1,2, . . . , N and 
9 = (9i,92, ■ ■ ■ ,9n) G Z m(r) . 

• If #j 7^ 0, then ||u;^ — || is less than e. 

• Ugi = 0, then u;J r) is equal to u^-a^w^^.). 

By Remark 2.2, we can take a family of projections {e^ | r = 1, 2, . . . , R, g E ^ m (r)} in 
A w n £' such that 

r=i 3 ez m(r) 

for any r = 1, 2, . . . , R, i = 1, 2, . . . , N and g E Z m ( r ) , where g + & is understood modulo 
m^Z N . Moreover, we may also assume that e g commutes with u g and a g (w g r ^). Define 
v E U{A U n B 1 ) by 

It is now routinely checked that \\u^ — fa^f*)!! is less than e for each i = 1, 2, . . . , N. □ 

The following corollary is an immediate consequence of the theorem above and we omit 
the proof. 

Corollary 3.6. Let a be an action of Z, N on A with the Rohlin property. For any e > 
and a finite subset T of A, there exist 5 > and a finite subset Q of A such that the 
following holds: If a family of unitaries {u n } n ^N in A is an a-cocycle satisfying 

\\H,a}\\<5 

for every i = 1, 2, . . . , N and a E Q, then we can find a unitary v E U(A) satisfying 

IK, ~ va U v *)W < e 

and 

\\[v,a)\\ < e 

for each i = 1,2, . . . , N and a £ J 7 . Furthermore, if T is an empty set, then we can take 
an empty set for Q . 
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4 Rohlin type theorem 



Throughout this section, we let A denote a unital C*-algebra which is isomorphic to Oi- 
In this section, we would like to show the Rohlin type theorem for Z^-actions on A by 
combining techniques developed in [Nl] and [N2]. 

Lemma 4.1. Let a be an outer action of 7j N on A. Then, for any m G N w and a non- 
zero projection p G A u = A u n A' , there exists a non-zero projection e in pA^p such that 
ea g (e) = for all g £ Z m \{0}. 

Proof. We can prove this lemma exactly in the same way as [N2, Lemma 3]. See also [N2, 
Lemma 2]. □ 

The following lemma is a generalization of [K2, Lemma 3.5]. 

Lemma 4.2. Let a be an action of Z N on A with the Rohlin property. Suppose that 
one has two non-zero projections e, f £ A u satisfying a n (e) = e and a n (f) = f for any 
n G Wj N . Then, there exists w G A w such that w*w = e, ww* = f and ct n {w) = w for all 
n G Z N . 

Proof. To simplify notation, we denote at. by oti. Since A u is purely infinite simple 
and Kq(A lu ) = 0, there exists a partial isometry u G A w such that u*u = e, uu* = f. 
Put m = u*ai(u) + 1 — e. It is straightforward to verify UiOti(uj) = UjOtj(ui) for all 
i,j = l,2,...,N. Thus, the family {u{\ is an a-cocycle in A u . Clearly m commutes with 
e. By Theorem 3.5, we can find a unitary v G A u such that [v,e] =0 and ttj = vai(v*). 
Then w = uv satisfies the requirements. □ 

We also have an approximate version of the lemma above. 

Lemma 4.3. Let a be an action ofL N on A with the Rohlin property. For any e > and 
a finite subset T of A, there exist 5 > and a finite subset Q of A such that the following 
holds: Suppose that e and f are two non-zero projections in A satisfying 

\\[e,a}\\ < 6, \\[f,a]\\<6 for all a G Q 

and 

||ci!^(e) — e\\ < 6, ||ct^(/) — /|| < S for each i = 1,2, ... ,N. 
Then, we can find a partial isometry v G A such that v*v = e, vv* = f and 

\\[v,a]\\<e for all a £ J 7 

and 

\\ a & ( v ) ~ v \\ < e f or eac h i = 1) 2, • • • , N. 
Proof. This immediately follows from the lemma above. □ 

Next, we have to recall a technical result about almost cyclic projections. 
Suppose that we are given e > and n G N. Choose a natural number k G N so that 
2j\fk < e. Let a be an automorphism on A and let p be a projection of A which satisfies 
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pa l (p) = for alii = 1,2, ... , nk. Furthermore, let v G ^4 be a partial isometry such that 
v*v = p and t>t>* = a(p). Define 



E 



a 1 l (v)u l 1 (v) . . . ai (v) if i > j 
a l {p) if i = j 

o i (u*)o (+1 (c*) . . . c^O*) if » < j 



for each i, j = 0,1,..., n/c. Then we can easily see that {Eij} is a system of matrix units 
and a(Eij) = Ei + ij + i for any i,j = 0, 1, . . . , nk — 1. We let 

fe-i 



, —ni,nj 
i,j=0 



and 



e 4 = 

for all i = 0, 1, . . . , n — 1. Then {e^} is an orthogonal family of projections in A satisfying 

nk— 1 



CO + e l + ' ' ' + e n— 1 



i=0 



and 



|e - a(e n _i)|| < -j= < e. 



Moreover, this argument applies to the case that p is almost orthogonal to a l {p). Thus, 
for any e > 0, there exists a small positive constant c(e, n, k) such that the following holds: 
if ||pa*(p)|| < c(e, n, /c) for all « = 1, 2, ... , ra/c, then we can find a projection eo such that 



nfc— 1 



(e + a(e ) + • • • + a n_1 (eo)) 1 " ^ ^. 



i=0 



< e 



and 



|e -a"(e )|| < < e. 



Using these estimates, we can prove the next lemma. 

Lemma 4.4. Let a be an outer action of 7j N on A. Suppose that the action a' ofL N ~ x 
generated by a^ 2 , a^ 3 , . . . , a^ N has the Rohlin property. Then, for any n G N, e > and a 
finite subset J- of A, there exist m G N , 5 > and a finite subset Q of A satisfying the 
following: If a non-zero projection p in A satisfies 



\\pa g (p)\\ < 6 for each g G Z m \ {0} 



and 



|| [a g (p), a] || < 5 for all g G Z m and a G Q, 
then there exists a non-zero projection e in A such that 
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(1) (e + a €l (e) + • • • + a^e)) (l - £ 9G z m a fl (p) 



< e. 



(2) || [al (e), a] || < e /or a/Z jf = 0, 1, . . . , n — 1 and a € J 7 . 

(3) ||a^ (e) — e|| < e for each i = 2, 3, . . . , N . 

(4) ||a£(e)-e|| < e. 

Proof. We prove the lemma by induction on N. When N = 1, the assertion follows 
immediately from [N2, Lemma 4] and its proof. Suppose that the case of N — 1 has been 
shown. We would like to consider the case of Z -^-actions. To simplify notation, we denote 
a ? . by a*. 

We are given n G N, e > and a finite subset T of A. We choose k G N so that 
2/y/k < e. We will eventually find a projection g and a partial isometry t> G ^4 such that 
u*f = g, wu* = ai(g) and ||ga{((/)|| < c(e/2,n,k) for all j = 0,1,..., nk. Then, by the 
above mentioned technique, we will construct a projection e satisfying 



nk— 1 



(e + Qi(e) + 



and 



+ar i (e))(i-E«iM 

j=0 



|e-a?(e)|| < < e. 



< e/2 



In this construction, we can find e' > and a finite subset .T 7 ' of A such that the following 
hold: If the projection q and the partial isometry v satisfy 



j,a\\ < e 



\v,a <e' 



for all a <E J 7 ' 



and 



I ";(<?) 



< e', \\oti(v ) — t) || < e' for each z = 2, 3, . . . , N, 



then the obtained projection e satisfies conditions (2) and (3). 

By applying Lemma 4.3 to the action a' of Z^ -1 , e' > and J 7 ', we get e" > and a 
finite subset T" of A. We may assume that e" is smaller than 

. / , c(e/2,n,fc) 
mm < e , - 



' 4n/c 



and that T" contains T' . By using the induction hypothesis for the action ol of Z^ -1 , 
n = 1, e" > and .T 7 " U ajf 1 ^") (see Remark 2.4), we have ml G N^" 1 , (5 > and a finite 
subset £/. We define m G by m = (nk,m f ). 

In order to show that these items meet the requirements, let p be a projection in A 
such that 

||pa s (p)|| < 5 for each g G Z m \ {0} 



and 



[a fl (p),o]|| < 5 for all 5 G Z. m and a G 



Then there exists a projection g in A which satisfies the following. 
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q(l — ^2 g a g (p)) < e" , where the summation runs over all g = (<?i, <?2, • • • ,9n) G 
Z m with <7i = 0. 

• || [p, a] || < e" and ||[ai(p),a]|| < e" for all a 6 J 7 ". 

• ||aj(p) — j>|| < e" for each i = 2, 3, . . . , iV. 

In addition, by taking <5 sufficiently small, we may assume that the first condition above 
implies ||gcy{(g)|| < c(e/2,n,k) for all j = 1,2, .. . ,nk. From Lemma 4.3, there exists a 
partial isometry v such that v*v = q, vv* = ct\{q) and 

UK a] || < e' for all a 6 T' 

and 

|| CKi (i;) — v\ < e' for each i = 2, 3, . . . , N. 
Then, by the choice of e' > and J-', the desired projection e is obtained. □ 

By using the lemma above, we can show the following. 

Lemma 4.5. Let a be an outer action of Ij N on A. Suppose that the action a' o/ Z^^ 1 
generated by a^ 2 , a^ 3 , . . . , ct£ N has the Rohlin property. Then, for any n G N, there exist 
non-zero mutually orthogonal projections eo,ei, . . . ,e n _i in A u = A u n A' such that 

««i( e i) = e i 

for each i = 2, 3, . . . , N and j = 0, 1, . . . , n — 1, and 

a&fe) = fj . i 

for each j = 0, 1, . . . , n — 1, where the addition is understood modulo n. 

Proof. It suffices to show the following. For any n G N, e > and a finite subset T of 
A, there exist non-zero almost mutually orthogonal projections eo, ei, . . . , e n _i in A such 
that the following are satisfied. 

• II \ e ji a \ II < e f° r an y J = 0) 1) • • • i n — 1 an d a £ J 7 . 

• ||a^(ej) — ej|| < e for each i = 2,3, . . . , N and j = 0, 1, . . . , n — 1. 

• IK^ (ej) — ej+i|| < e for each j = 0, 1, . . . , n — 1, where the addition is understood 
modulo n. 

Lemma 4.4 applies to n G N, e > and F C A and yields m G N , 5 > and a finite 
subset £/ of A. From Lemma 4.1, there exists a non-zero projection p in A such that 
||pa fl (p)|| < S for all g G Z m \ {0} and ||[ct fl (p), a]|| < 5 for all g G Z m and a £ Q. Then, by 
Lemma 4.4, we can find desired projections. □ 

The following lemma is an easy exercise and we omit the proof. 
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Lemma 4.6. For any M S N and e > 0, there exists a natural number L £ N suc/i that 
the following holds. Ifu,u' are two unitaries in the matrix algebra Mf,jw+l(C) satisfying 

Sp(u) = {1} U jexp 2 ^2^ Tj I J = 0, 1, • • • , LM - l\ 

and 

Sp(u') = jexp ^^ 3 M I j = 0, 1, • • • , (L - 1)M - l| 

f 2vr\/ = Tj . 1 
U \ eXp lvr+T I J = ' 1 ''"' M ] 

TOi/i multiplicity, then there exists a unitary w in Mlm+i(C) such that 

\\wuw* — u || < e. 

Now we can prove the Rohlin type theorem for Z -^-actions on the Cuntz algebra 02- 

Theorem 4.7. Let A be a unital C* -algebra which is isomorphic to O2 and let a be an 
action ofL N on A. Then the following are equivalent. 

(1) a is an outer action. 

(2) a has the Rohlin property. 

Proof. It is obvious that (2) implies (1). The implication from (1) to (2) is shown by 
induction on N. When N = 1, the conclusion follows from [K2, Theorem 3.1]. We assume 
that the assertion has been shown for N — 1. Let us consider the case of Z^-actions. To 
simplify notation, we denote o^ by Oj. 

It suffices to show the following (see Remark 2.3): For any M G N and e > 0, there 
exist projections poiPii • • • ,Pm-i and qo, qi, ■ ■ ■ , qu in Aj such that the following hold. 

• E J=0 Pi + E j=0 9i = L 

• cti(pj) = Pi an d cti(qj) = qj for each i = 2, 3, . . . , N and j = 0, 1, . . . , M — 1. 

• ||cki(Pj) — Pj+iH < £ for each j = 0, 1, . . . , M — 1, where pu is understood as po- 

• ||ai((?j) — <fy-+i|| < e for each j = 0, 1, . . . , M, where (?m+i is understood as go- 
Let ol be the action of Z^ -1 generated by 0:2,03, . . . , ojv- By the induction hypothesis, 
o' has the Rohlin property. We are given MeN and e > 0. By applying Lemma 4.6, we 
obtain a natural number L £ N. Let i'C be a very large natural number. By Lemma 4.5, 
we can find non-zero projections eo, e±, . . . , e^M-i in Aj such that 

ai(ej) = ej 

for each i = 2, 3, . . . , JV and j = 0, 1, . . . , LM — 1, and 

oi(ej) = ej+i 
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for each j = 0, 1, ... , LM — 1, where the addition is understood modulo LM. Set e = 
Sj=o _1 e i- If e = 1, we have nothing to do, so we assume e^l. 

Take Sq > and a finite subset J-q °f ^ arbitrarily. By using Lemma 4.4 for a', 
n = 1, £o and Fo, we get G N^ -1 , 5 > and a finite subset £/. Define m G by 
m = (KLM, m!). By Lemma 4.1, we can find a non-zero projection p in e^A^eo such that 
P a g(p) = f° r an 5 ^ Z m \ {0}. Then, by applying Lemma 4.4 to each coordinate of a 
representing sequence of p in £°°(N, A), we can construct a non-zero projection / in A u 
satisfying the following. 

• \\f(^~^2 g a gip))\\ < e 0i where the summation runs over all g = (<?i, <72> • • • > 9n) G Z m 
with gi = 0. 

• ||[/, a] || < £o for all a G ^b- 

• ||oj(/) — /|| < £o for each i = 2, 3, . . . , N. 

Notice that, from the first condition, one has ||/(1 — eo)|| < £q an d ||/ a i(/)l| < 2eo f° r an 
j = 1, 2, ... , KLM — 1. Since Eo > and Fo were arbitrary, by the reindexation trick, we 
may assume that there exists a non-zero projection / G A u such that / < eo, 



and 



a «(/) = / f° r each £ = 2, 3, . . . , N 



fa{(f) = for each j = 1, 2, . . . , KLM - 1. 



By applying Lemma 4.2 to a', 1 — e and / (note that a' has the Rohlin property), we 
obtain a partial isometry v G A^ such that = 1 — e, uu* = / and oti(v) = v for all 
i = 2, 3, . . . , N. We let 



K-l 



W 



1C f-~i 



kLM , 



k=0 



Then, w is a partial isometry in A u satisfying w*w = 1 — e and ww* < eo- In addition, 
04(10) = to for all t = 2, 3, . . . , N and ||of M {w) - w\\ < 2/y/K. 
We consider a C*-subalgebra D of defined by 

D = C*{w,ai(w), a[ M ~ l {w)). 

It is easy to see that D is isomorphic to the matrix algebra Mlm+i(&) an d its unit is 

Id 

By choosing K so large, we may assume that there exists a unitary 

~1 



1 - e + ww* + ai{ww*) H h af M ~ 1 (u;tt;*). 



• 

1 
1 



1 





1 






1 
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in D such that 

||ai(x) — -uaru*|| < e\\x\\ 
for all x £ D. By the choice of L, we can find a unitary u' in D such that 

Sp(u') = jexp ^ L _ l)M | j = 0, 1, . . . , (L - 1)M - 1 j 

f 2vr\/ = Tj . 
u i ex P ~irr — 7- J = 0, 1, . . . , M 
\ M + 1 1 

and ||u — it'll < e. It follows that there exist non-zero mutually orthogonal projections 
Po,Pi, • • • ,Pm-i, ?o, ?i, • • • , 9a/ in -D satisfying the following. 

i=o Pj + L J= o^ = Id- 

• a-iipj) = and Oii(qj) = qj for each i = 2, 3, . . . , TV and j = 0, 1, . . . , M — 1. 

• 1 1 cki (Pj ) — Pj+i\\ < 3e for each j = 0, 1, . . . , M — 1, where pm is understood as po. 

• \\ai(qj) — qj+i\\ < 3e for each j = 0, 1, . . . , M, where qu+i is understood as go- 
Finally, we define projections p'j in by 

L-l 
1=0 

Then, we can check 

M-l M 
i=0 j=0 

for alH = 2, 3, . . . , iV and j = 0, 1, . . . , M - 1 and 

4 

\\ai{p'j) < 3e+ 

for each j = 0,l,...,M — 1, where is understood as p . This completes the proof. □ 

5 Classification 

In this section, we would like to prove our main result Theorem 5.2 by using the Evans- 
Kishimoto intertwining argument ([EK]). 

Lemma 5.1. Let A be a united C* -algebra which is isomorphic to O2 and let a and (3 be 
actions of 7j N on O2 ■ When a has the Rohlin property, we have the following. 

(1) There exists an a-cocycle {u n } n in A^ such that j3 n {a) = Adu n oa n (a) for alln € 1i N 
and a £ A. 
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(2) For any e > and a finite subset T of A, there exists an a-cocycle {u n } n in A such 
that 

ll/% (a) - Adu ft o a e » || < e 
for each i = 1, 2, . . . , N and a G J- '. 

Proof. To simplify notation, we denote a^, by «j, 

(1). We prove this by induction on JV. When N = 1, the assertion is clearly true, 
because ai,/?i G Aut(^4) are approximately unitarily equivalent ([Rl, Theorem 3.6]). 
Suppose that the assertion for N — 1 has been shown. Let us consider the case of "L N - 
actions. Let a' be the action of T, N ~ l on A generated by «2, «3, • • • , ctN- By using the 
induction hypothesis to a', we can find unitaries 112, u$, . . . , um in A u such that 

/?i(a) = Ad m o 0-3(0) 

and 

UiOi(uj) = Ujaj(ui) 

for all i,j = 2,3, ... ,N and a G A. Since two automorphisms ol\ and f3\ on ^4 are 
approximately unitarily equivalent, there exists a unitary u G ^ such that 

Pi(a) = Adu o ai(a) 

for all a G A. For i = 2, 3, . . . , N, we define G A w by 

Xi = uai(ui)(uiai(u))* . 

It is easy to see that Xi belongs to U(A W ). Let a be the perturbed action of a' by the 
a'-cocycle {112, U3, . . . , un}- Then, we can verify, for every i,j = 2,3,...,N, 

Xi5ti{xj) = uai(ui)ai(u)*u*ai(uai(uj)aj(u)*Uj) 
= uai(ui)ai(ai(iij)aj(u)*Uj)u* 
= uai{uiai{uj))ai{aj{u)*){uiai{uj))* 
= uol\ (uj ctj (ui)) ctj (a i (u) *)(uj ctj (ui))* 
— Xjdj (x^) , 

and so the family of unitaries {X2, 23, • • • , a; at} is a a-cocycle on A w . It follows from 
Theorem 3.5 that there exists a unitary v G A w such that 

Xi = vai(v*) 

for all i = 2, 3, . . . , N. Put u% = v*u. It can be easily checked that 

(3\{a) = Adui o a\(a) 

for all a G A and 

UlCtl(Ui) = UiCti(Ul) 

for each % = 2, 3, . . . , N. Therefore, the family of unitaries {u\,U2, ■ ■ ■ ,un} induces the 
desired a-cocycle in A° . 
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(2). Prom (1), there exists an a-cocycle {u n } n in A u such that 

n (a) = Adn n o a n (a) 

for all n G 7L N and a G A It follows from Theorem 3.5 that there exists a unitary u G A" 
such that 

M n = TO„(U*) 

for every n G Z^. Hence, for any e > and a finite subset J 7 of vl, we can find a unitary 
w m. A such that 

|| A (a) - Ad(vai(v*)) o a.;(a)|| < e 
for every i = 1, 2, . . . , N and a £ J 7 . Therefore, {ra n (u*)} n is the desired a-cocycle. □ 

Now we are ready to give a proof for our main theorem. We make use of the Evans- 
Kishimoto intertwining argument ([EK, Theorem 4.1]). See also [N2, Theorem 5] or [12, 
Theorem 3.5]. 

Theorem 5.2. Let a and [3 be two outer actions on the Cuntz algebra 02- Then, they 
are cocycle conjugate to each other. 

Proof. We denote the Cuntz algebra 2 by A. Set S = 6v} C Z^. Note that, 

by Theorem 4.7, both a and (5 have the Rohlin property. We choose an increasing family 
of finite subsets J-i,J-2,... of A whose union is dense in A. Put a = a and (3 1 = (3. We 
will construct Z^-actions a 2k and f3 2k+l on A, cocycles {^nlnez^ i n A and unitaries Vk 
in A inductively. 

Applying Corollary 3.6 to (3 1 , 2" 1 > and Ti, we obtain 5\ > and a finite subset Gi 
of A. We let 

gas 

By Lemma 5.1 (2), there exists an a°-cocycle {u^} n in A such that 

||/3j(a)-Adu;ooJ(a)||<| (5.1) 

for every g G S and a £ G[. Let a 2 be the perturbed action of a by the a°-cocycle {u^} n . 
By using Corollary 3.6 for a and u , we can find a unitary t>o in ^4 such that 

\\u° - v a g (vo)*\\ < 1 

for each g G S. 

Applying Corollary 3.6 to a 2 , 2~ 2 and 

we obtain > and a finite subset Q2 of A. We may assume that 82 is less than 5\ and 
2" 2 . We let 

9&S g£S 
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By Lemma 5.1 (2), there exists an /3 1 -cocycle {w^} n m A such that 

||Ad«;o/3i(o)-aJ(o)||<^ (5.2) 

for every g € S and a G Q' 2 . Let /3 3 be the perturbed action of (3 1 by the /3 1 -cocycle {it^}™- 
From (5.1) and (5.2), one has 

llK,a]||<<5i 

for every g G 5 and a G By using Corollary 3.6 for /3 1 and u , we can find a unitary 
in A such that 

and 

|lbi,a]||<2- 1 

for each g £ S and a£fi. 

Applying Corollary 3.6 to /3 3 , 2~ 3 > and 

we obtain 53 > and a finite subset ^3 of A. We may assume that £3 is less than 62 and 
2~ 3 . We let 

By Lemma 5.1 (2), there exists an a 2 -cocycle {ii 2 }n in A such that 

||/? 3 (a)-Adu 2 oa 2 (a)||<| (5.3) 

for every g £ S and a G t/ 3 . Let a 4 be the perturbed action of a 2 by the a 2 -cocycle {it 2 }n- 
From (5.2) and (5.3), one has 

\\[u 2 g ,a]\\<S 2 

for every g G S and a G <?2- By using Corollary 3.6 for a 2 and u 2 , we can find a unitary 
i>2 in A such that 

||u 2 -?; 2 a 2 (t; 2 )*|| < 2~ 2 

and 

Ilb2,a]||<2" 2 

for each g G S and a G T' 2 - 

Applying Corollary 3.6 to a 4 , 2 and 

^ = f 4 UAd(!;2«o)(^), 

we obtain £4 > and a finite subset ^4 of A. We may assume that £4 is less than £3 and 
2" 4 . We let 

^4= U a - S (^) U U^^3)U^ 4 . 

96S ff G5 
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By Lemma 5.1 (2), there exists an /3 3 -cocycle {u 3 } n in A such that 



||AduJo/S}(a)-aJ(a)||<^ (5.4) 



for every g G S and a G C/ 4 . Let /3 5 be the perturbed action of /3 3 by the /3 3 -cocycle {it 3 }n- 
From (5.3) and (5.4), one has 



[u 3 g ,a}\\ < 5 3 



for every g G 5 and a G ^3. By using Corollary 3.6 for /3 3 and u 3 , we can find a unitary 
v 3 in A such that 

H-v 3 (3 3 g (v 3 y\\<2- 3 

and 

IIN,a]||<2- 3 

for each g G 5 and a G .F3. 

Repeating this argument, we obtain a sequence of Z^-actions a , (3 l , a 2 , /3 3 , . . . , cocy- 
cles {u^n, {Un} n , ■ ■ ■ and unitaries Vq,v±, Define <72fc and o"2fc+i by 

a 2k = Ad(v 2k V2k-2 ■■■ Vq) 

and 

a 2k+ i = Ad(-y 2 fc+i-y 2 fc-i ■ • • 

Since we have 

llk-,«]||<2- fc 

and 

||[« fc ,<7 A _ a (a)]|| < 2- k 

for any a £ f t , we can conclude that there exist automorphisms 70 and 71 such that 

70 = lim a 2k 

k— *oo 

and 

71 = lim a 2 k+i 

k— »oo 

in the point-norm topology (see [12, Lemma 3.4]). 
Define wf,wf +l G U{A) by 



wf = ufaf (v 2k )v* 2k 



and 



W S - u g P 9 \ v 2k+l)V 2k+1 



for every /c = 0, 1,2, . . . and g G 5. Then — 1|| is less than 2 fc . Furthermore, we 
define w k g G £/(A) by 



and 



w° = w° g , wl = wl 



~k k ~k~2 * 

Wg = WgVkWg U fc 
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inductively. We would like to see that {w 2k } k converges to a unitary for each g G S. From 

wf = wf ■ Kd{v 2k ){vjf- 2 ) ■ Ad(v 2k v 2k _ 2 ){wf " 4 ) kd{v 2k v 2k _ 2 ■ ■ ■ v 2 ){w° g ), 

we get 

°2 k ( W 9 ) = a 2 k ~2\ W g ) ■ a 2 k -i( W g ) ( W g>- 

It follows from \\w 2k — 1|| < 4~ k that the right hand side converges. Hence wf converges 
to a unitary Wfj in A, because a 2k converges to 70. Likewise, wf +l also converges to 
a unitary Wg in A. We can also check that the unitaries {wf} g are a cocycle for the 
Z^-action a 2k o a o a^ k l and that the unitaries {wf +1 } g are a cocycle for the Z^-action 
c"2fc+i P a 2 k +v m addition, we can verify 



kd(w 2 g k ) o a 2k oa g o a 2 l 



a 2k+2 



and 
Since 



Ad(wf +1 ) o a 2k+l o (3 g o a^ +1 = (3 2k+3 . 



2fe+3 (a) _ a 2fe+2 (a) || <2 -2k-3 



for all a G T 2k+2 , we obtain 

Ad o 7l o /3 p o 7- 1 = Ad W° o 7o o a 5 o j~ l 

for every g G 5. Furthermore, {Wg } g is a cocycle for the Z^-action 7o°ao7 ~ 1 and {W^jg 
is a cocycle for the Z^-action 71 o (3 o 7j~ . Therefore, we can conclude that a and /3 are 
cocycle conjugate to each other. □ 

Remark 5.3. From Theorem 5.2 and Theorem 3.5, one can actually show the following: 
Let a and f3 be outer actions of 1, N on 2 . For any e > 0, there exist 7 G Aut(02) and 
an a-cocycle {u n } ne ^N such that 

Adu„ o a n (a) = 70^0 7 _1 («) 5 

IK ~ 1|| < e 
for any n G Z^, a £ A and f = 1, 2, . . . , N. 
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